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The electric quadrupole response in 112,114Sn isotopes is investigated by energy-density functional
(EDF) and three-phonon quasiparticle-phonon model (QPM) theory with special emphasis on 2+ ex-
citations located above the first collective quadrupole state and below 5 MeV. Additional quadrupole
strength clustering as a sequence of states similar to the recently observed pygmy quadrupole reso-
nance in 124Sn is found. The spectral distributions and transition densities of these 2+ states show
special features being compatible with oscillations of a neutron skin against the isospin-symmetric
nuclear core. Furthermore, two new (p, p′γ) Doppler-shift attenuation (DSA) coincidence experi-
ments were performed at the SONIC@HORUS setup. Quadrupole states with excitation energies
up to 4.2 MeV were populated in 112,114Sn. Lifetimes and branching ratios were measured allow-
ing for the determination of the reduced quadrupole transition strengths to the ground state. A
stringent comparison of the new data to EDF+QPM theory in 112Sn and 114Sn isotopes hints at
the occurrence of a low-energy quadrupole mode of unique character which could be interpreted as
pygmy quadrupole resonance.
Investigations of nuclear structure in hitherto inacces-
sible mass regions far from the valley of β-stability are
becoming a reality nowadays at rapidly developing ra-
dioactive beam facilities [1–7]. Similarly to the halos in
light nuclei [8, 9] the prevalence of one type of nucleons
in medium and heavy mass nuclei may result in the for-
mation of a nuclear skin, containing either pure proton
or neutron matter, respectively. The dynamics of such
nuclear systems is very sensitive to the nuclear symme-
try energy and its density dependence [10] which on the
other hand is imprinted in a static mean-field observable
- the neutron-skin thickness [10–13]. In case, of moderate
and heavy mass nuclei, the latter is defined as the differ-
ence between the neutron and proton root-mean-square
(rms) radii δr =
√
< r2 >n −
√
< r2 >p. Furthermore,
the presence of a neutron skin may influence the nuclear
response on external electromagnetic and hadronic fields.
An observable which could be sensitive to induced skin
effects on nuclear excitations, especially at low-energies,
is the dipole polarizibility. The latter is proportional to
the second moment of the dipole photoabsorption cross
section and it could be also useful for constraining neu-
tron skin and symmetry energy [10, 13], nuclear mat-
ter, the equation of state and the properties of neutron
stars [14, 15].
Recently, new modes of excitation closely connected
with the skin phenomena - the pygmy dipole resonance
(PDR) [16–23] and first hints for its natural extension at
higher multipolarities - the pygmy quadrupole resonance
(PQR) [24–26] have been observed. During the last years
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the PDR was the subject of many experimental and the-
oretical investigations [16, 23, 27].
In many studies a close correlation between the to-
tal PDR strength and the neutron or proton skin thick-
ness was obtained [12, 17–22] and it was found that the
PDR might affect directly (n,γ) reactions cross sections
and rates of the s- and r- process synthesis of heavier
nuclei in stellar environments [28, 29]. The existence of
a PQR originally predicted theoretically in [24] was re-
cently supported by independent experiments in 124Sn
using different probes and techniques [25, 26]. In these
studies, it is obtained that the PQR resembles the charac-
teristics of the PDR and could be related to higher-order
multipole oscillations of weakly-bound neutron or pro-
ton excess nucleus forming a neutron or a proton skin,
respectively. The newly discovered nuclear PQR mode
is not yet investigated in such detail as the meanwhile
well established PDR excitation. The few existing the-
oretical studies suggest a strong mixture of skin, shell,
pairing and core polarization contributions on low-energy
quadrupole excitations and in particular in the PQR [24–
26]. Furthermore, with the increase of the collectivity of
the quadrupole states the reliable distinction of the pure
neutron or proton quadrupole skin oscillations seems to
be a difficult task, especially for nuclei with small or mod-
erate neutron excess. Thus, studies of low-energy 2+
states and their theoretical interpretations could be even
more sensitive to the choice of models and interactions
than for the PDR mode. Applications of the theory to
different types of spectroscopic data are the appropriate
way to identify clearly the PQR mode and to verify the
predicted properties unambiguously.
The aim of this paper is to examine the dependence
of the PQR mode on the charge asymmetry. As a suit-
able case we investigate low-energy quadrupole excited
states in tin isotopes 112Sn (with 12 valence neutrons
2112Sn 114Sn
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FIG. 1. (color online) (top) Neutron and proton transition
densities of the [2+1 ]QRPA states in
112Sn and 114Sn. (bot-
tom) Summed neutron and proton transition density for the
[2+]QRPA states between 2 MeV and 5 MeV in
112Sn and
114Sn, respectively.
and N/Z=1.24) and 114Sn (with 14 valence neutrons and
N/Z=1.28), respectively. Despite the relatively small
neutron excess, it is expected that these nuclei develop a
neutron skin [19], and as a consequence additional low-
energy quadrupole strength related to neutron skin oscil-
lations [24]. For that purpose, we performed new elabo-
rated theoretical and experimental studies in these nuclei.
In addition, for the first time we investigated in detail the
mechanism of the fragmentation of the PQR strength and
the role of the multi-phonon coupling. This includes a re-
fined theoretical analysis of the multi-phonon structure
of the low-energy quadrupole excitations. Furthermore,
the theoretical results and experimental data on branch-
ing ratios give a new insight into the understanding of
the fine structure of the PQR and nuclear excitations.
The theoretical investigations are based on an
advanced microscopic approach incorporating self-
consistent energy-density functional (EDF) theory and
the quasiparticle-phonon model (QPM) [30] including up
to three-phonon couplings. A detailed description of our
theoretical method is presented in our review paper [31]
and its applications to a large variety of nuclear research
are reported in [17–22, 24, 29, 32–35].
The calculations are based on previously derived pa-
rameter sets [19, 24] but accounting for minor changes
of the interaction parameters because of refined experi-
mental results indicating a decreased collectivity of the
first 2+ states in the Sn isotopes. [36].
The dominance of neutron or proton transitions in nu-
clei implies a strong mixture of isoscalar and isovector
contributions because it is related to the particle projec-
tor, Pq =
1
2
(1± τ3), where τ3 = ±1 for neutrons and pro-
tons, respectively. The latter implies a pure isospin char-
acter only for N = Z nuclei [24, 25]. In the other cases one
TABLE I. B(E2) transitions of 2+1 , 2
+
2 , 2
+
3 and 4
+
1 states in
112Sn and 114Sn.
Jpii E [MeV] I
pi
j B(E2; J
pi
i −→ I
pi
j ) [W.u.]
Exp. EDF+QPM Exp. EDF+QPM
112Sn
2+1 1.26 1.20 0
+
1 12.5(8) 12.1
2+2 2.15 2.45 0
+
1 - 0.1
2+1 18(5) 25
2+3 2.48 2.79 0
+
1 0.082(13) 0.015
2+1 0.23(6) 0.92
2+2 - 0.06
4+1 2.25 2.19 2
+
1 5.6(8) 11.4
114Sn
Exp. EDF+QPM IBM-2 Exp. EDF+QPM IBM-2
2+1 1.30 1.31 1.30 0
+
1 11.1(7) 12.0 11
2+2 2.24 2.56 2.46 0
+
1 ≤ 0.12 0.002 0.04
2+1 ≤ 8 13 2
2+3 2.45 2.85 2.54 0
+
1 0.023(9) 0.012 0.004
2+1 3(2) 3 17
2+2 - 0.04 8
4+1 2.19 2.15 2.28 2
+
1 5.9(5) 7.9 19
has an admixture of an isoscalar with a nonzero isovector
transition amplitude. In general, the dominating term is
the isoscalar one and it decreases with (N − Z)/A [24].
The isospin effect on the QRPA phonon states could be
examined via isoscalar and isovector multipole matrix el-
ements which in the Sn isotopes are discussed in [24–
26]. The theoretical observations show that most of the
low-energy quadrupole strength has an isoscalar origin
but also there are non-negligible contribution of isovec-
tor quadrupole strength.
Furthermore, the presence of isoscalar and isovector
contributions to the PQR excitations in 112,114Sn nu-
clei could be seen as well from the spacial distribution
of neutron and proton QRPA transition densities which
are shown in Fig. 1. At excitation energies Ex = 2 − 5
MeV the main part of the oscillations is coming from the
least bound neutrons, forming a skin-like surface layer,
located predominantly at the nuclear periphery, extend-
ing to radii up to r ≈ 10 fm. This can be clearly seen also
from the examination of the wave function of the QRPA
2+ states in both 112,114Sn nuclei. All of the quadrupole
QRPA states at Ex = 2 − 5 MeV have a predominant
neutron structure of more than 98% which incorporates
weakly bound two-quasiparticle neutron states (for more
details see [24]). For comparison, we show also the neu-
tron and proton QRPA transition densities of the well
known collective isoscalar 2+1 state in these nuclei. Even
though that the neutron excitations in the PQR region
3are dominating, the influence of the protons starts to in-
crease with the decrease of the N/Z ratios. The effect is
closely related with the decrease in the isovector interac-
tion and the changes of the relative neutron and proton
binding energies [24]. The latter influences the total PQR
strength which increases with the increase of the neutron
excess.
The addition of quasiparticle-phonon coupling, as it is
done in the EDF+three-phonon QPM approach [31], in-
duces more complex two-phonon and three-phonon con-
figuration mixing into the 2+ wave functions. The latter
might be built of the same PQR-QRPA phonons but also
from other phonons with higher energy and of different
multipolarities, leading to additional isoscalar and isovec-
tor contributions to the electromagnetic transitions. The
(α,α′γ) reactions act as a filter for the isoscalar com-
ponents of the E2 strength but essentially leave unde-
tected possible admixtures of isovector configurations.
The EDF+QPM calculations, in fact, predict consider-
able contributions due to isovector components to the
quadrupole transition matrix elements. Consequently,
the comparison between the experimental isoscalar B(E2)
strengths obtained from the α-scattering cross sections
and the B(E2) strengths measured in (γ ,γ′) scattering
on 124Sn might indeed hint at an additional isovector ad-
mixture which is important to understand the complete
experimental B(E2) strength.
Two new experiments using inelastic proton-scattering
with Ep = 8 MeV followed by the coincident detection
of γ-rays in 112Sn and 114Sn nuclei have been performed
at the Institute for Nuclear Physics of the University of
Cologne (Germany) to excite low-spin states in the two
lightest stable Sn isotopes. In these studies, the com-
bined spectroscopy setup SONIC@HORUS has been used
to detect the scattered protons and the emitted γ-rays
of the respective excited states in coincidence [37]. The
novel (p, p′γ) DSA coincidence technique allowed for the
measurement of several lifetimes, which were not known
before [38, 39]. In addition, γ-decay intensities to differ-
ent final states were determined by applying excitation-
energy gates. The latter also exclude feeding contribu-
tions when using the (p, p′γ) DSA coincidence technique.
From the measured γ-decay intensities the ground-
state γ-decay branching ratio b0 have been calculated
by the relations: b0 = (1 +
∑
i Γi/Γ0)
−1
= Γ0/Γ, where∑
i Γi/Γ0 is the intensity of all observed γ-decays to ex-
cited states and normalized to the ground-state decay
intensity and Γ = Γ0 +
∑
i Γi is the total observed γ-
decay width, see also the recent work on 124Sn [26]. In
addition branching ratios of γ-decays to the 2+1 state
b1 = Γ1/Γ where Γ1 is the γ-decay width to the first
2+ state are derived from the present experiments. Firm
spin-parity assignments were either known from previous
experiments [40] or are based on the observed γ-decay
behavior seen in the present (p, p′γ) experiments. Ten-
tative assignments are given for those cases where the
observed γ-decays allow for both a dipole or quadrupole
character of the observed transitions, see Figs. 2 and 3.
Usually, 1− or 1+ states at energies between 2-5 MeV
have much shorter lifetimes than the 2+ states seen here,
i.e. τ < 100 fs. So, we might conclude that based on
the lifetimes for most of the tentative spin assignments
in 112,114Sn, a 2+ assignment is the more likely scenario.
This conclusion is supported by the finding that in 124Sn,
where spin assignments were possible, no 1− or 1+ states
were found with lifetimes comparable to 2+ states. We,
thus, exclude the excited state at 3873 keV in 112Sn and
the excited states at 3933 keV and 4022.4 keV in 114Sn
from the systematic shown here. For further details of
the experiment, see Ref.[39].
Before we discuss our PQR results from the EDF+
three-phonon QPM theory and the experiment in
112,114Sn, we performed detailed studies of the lowest-
energy 2+ and 4+ states and corresponding E2 transi-
tions. In Table I the theoretical excitation energies and
transition strengths are compared to experimental data
of the current and previous experiments [39], respec-
tively. In general, the EDF+QPM calculation are able
to describe the properties of low-lying 2+ and 4+ states.
In addition, for the 114Sn nucleus the EDF+QPM results
are compared to IBM-2 calculations from [39]. The ob-
served deviations of B(E2; 4+1 −→ 2+1 ) and B(E2; 2+3 →
2+1 ) transition values of the IBM-2 and the data could
be explained in our approach the following way. In
particular, the relative mixing between one- and two-
phonon components in the structure of 2+3 and 4
+
1 states
determines the transition rates to the lowest-lying 2+1
state in 112,114Sn nuclei. In both cases, the two-phonon[
2+1 ⊗ 2+1
]
component of 2+3 and 4
+
1 states is of ma-
jor importance for the value of the E2 transition ma-
trix elements as far as it is related to the exchange of
a collective quadrupole phonon. The EDF+QPM pre-
dicts for 112Sn(2+3 ) a 4% admixture of the two-phonon[
2+1 ⊗ 2+1
]
component. In comparison, in 114Sn(2+3 ), with
a slightly larger neutron excess, the
[
2+1 ⊗ 2+1
]
configu-
ration contribution increases to 12%. Consequently, the
B(E2; 2+3 → 2+1 ) transition probability is larger - 3 W.u.
in 114Sn than in 112Sn where it is ≈1 W.u. which is
also ≈3 times less as it is indicated by the structure of
the states. Another interesting case is the 4+1 state in
these nuclei. The experimental excitation energy of this
state in 112Sn is larger than in 114Sn and it is nicely
reproduced by the EDF+QPM theory. According to
our theoretical findings the structure of the 4+1 states
in both nuclei is predominantly, more than 70% of one-
phonon character. Nevertheless, the contribution of the[
2+1 ⊗ 2+1
]
component in these states plays an important
role in the corresponding E2 transitions. The theoreti-
cal B(E2; 4+1 −→ 2+1 ) transition probability in 112,114Sn
is shown in Table I. Variations of the
[
2+1 ⊗ 2+1
]
com-
ponent admixtures, on the level of few percent modify
significantly the B(E2; 4+1 → 2+1 ) values of these nu-
clei. In this sense the investigated B(E2; 2+3 → 2+1 ) and
B(E2; 4+1 −→ 2+1 ) transitions are a clear evidence of the
admixture of multi-phonon components in the nuclear
excited states. In general, the EDF+QPM results are
4found in good agreement with the experiment as seen in
Table I.
In order to examine in detail the low-energy
quadrupole strength associated with the PQR in
112,114Sn, we compare the theoretical EDF+QPM and
experimental B(E2) strengths, ground-state and 2+1 state
γ-decay branching ratios, b0 and b1, respectively. We lim-
ited the considered final states in the EDF+QPM calcu-
lation of b0 and b1 to positive-parity final states which
were also observed in the experiment. Those include
states up to the 2+3 state as well as the 4
+
1 state.
Experimental and EDF+QPM spectral distributions
of 2+ states and corresponding branching ratios, b0 and
b1 of
112Sn and 114Sn are shown in Fig. 2(a), (b), (c),
(d), (e) and (f) and Fig. 3(a), (b), (c), (d), (e) and (f),
respectively. As in our previous PQR investigations in
124Sn [26], we observe a sequence of low-energy 2+ states
which decay predominantly to the ground state. Such
states are characterized by large g.s. branching ratios,
typically b0 ≥ 50% ; see Fig. 2(b,e) and Fig. 3(b,e). In
112,114Sn this sequence of quadrupole excitations involves
nine almost pure neutron QRPA states of different collec-
tivity which could be associated with a PQR mode and
neutron skin oscillations. Furthermore, the PQR one-
phonon states are a substantial part of all QPM 2+ states
at Ex= 2−5 MeV. In this respect, the theoretical analysis
of the QPM 2+ excitations at Ex ≈ 2−5 MeV in 112,114Sn
isotopes confirms the expectations of a PQR mode in nu-
clei with relatively small neutron excess. In particular,
the 2+ states at Ex ≈ 2 − 4 MeV have a predominant
one-phonon structure, more than 50% given mainly by
the PQR-QRPA 2+ states at Ex ≈ 2 − 5 MeV. An ex-
ception is the QPM 2+2 state in
112Sn which contains a
major two-phonon
[
2+1 ⊗ 2+1
]
component. At excitation
energies Ex= 4 − 5 MeV the increase of the level densi-
ties leads to stronger fragmentation of the single-particle
PQR strength. As a results, in both tin nuclei the QPM
2+ states at Ex= 4 − 5 contain large two-phonon coun-
terparts. Nevertheless, how small it may be, the one-
phonon admixture in these 2+ states is most important
for their g.s. transitions. Consequently, the one-phonon
PQR configurations give much larger contributions to
the E2 transition matrix elements
〈
2+i ‖M(E2)‖ g.s.
〉
for
most of the QPM 2+ states at Ex ≈ 2 − 5 MeV than
the two-phonon components. An exception are two 2+
QPM states where the one- and two-phonon contribution
to the M(E2) value are of almost the same size. In Fig. 4,
the one- and two-phonon contributions to the PQR tran-
sition strengths are shown.
A strong evidence supporting the admixture of one-
phonon and multi-phonon configurations in the structure
of PQR states could be obtained from investigations of
b0 and b1 branching ratios. Commonly, the QPM PQR
states have b0 values close or well above 50% and they
prefer decaying to the ground state than to an excited
state. However, there are also exceptions which mainly
concern the presence of the two-phonon
[
2+1 ⊗ 2+1
]
com-
ponent in the structure of the 2+ states. Considerable
contributions of three-phonon configurations to the struc-
ture of 2+states are found at energies above 4 MeV in
both, 112Sn and 114Sn nuclei.
Thus, in 2+ states with two-phonon admixtures which
contain the collective [2+1 ]QRPA phonon, the strong E2
transitions to the 2+1 lead to the reduction of the b0 value.
As far as the observation of large b0 values is a signa-
ture of the major one-phonon contribution to excited 2+
states, the observation of large b1 values is a clear in-
dication for two-phonon component in these states. At
the same time, excited states with larger b0 values have
smaller b1 values and vice versa. This is clearly seen in
Fig. 2(b), (c), (e) and (f) and Fig. 3(b), (c), (e) and (f),
respectively.
The results emphasize that the investigations of
branching ratios are playing an important role for nu-
clear research. In particular, branching ratios serve as
a highly sensitive observable for distinguishing simple
particle-hole type configurations and multi-phonon struc-
tures. The properties of the PQR mode are revealed
by investigating the fragmentation pattern of the PQR
QRPA 2+ states over the excited 2+ states, both exper-
imentally and theoretically by the EDF+three-phonon
QPM calculations.
In fact, the general trend predicted by the EDF+QPM
theory on B(E2) transition strengths and corresponding
branching ratios is in good agreement with the experi-
mental observations for both tin isotopes. The calculated
result within EDF+QPM for the total PQR strength,
Ex ≈ 2 − 5 MeV is B(E2)PQRQPM= 179 e2fm4 in 112Sn
and B(E2)PQRQPM= 188 e
2fm4 in 114Sn, respectively. For
comparison the corresponding pure one-phonon PQR
strengths obtained from our EDF+QRPA calculations is
B(E2)PQRQRPA= 111 e
2fm4 in 112Sn and B(E2)PQRQRPA= 120
e2fm4 in 114Sn, respectively. The experimental summed
B(E2) strength between 2 MeV and 4.2 MeV is 224(19)
e2fm4 in 112Sn and 151(16) e2fm4 in 114Sn. For firm
assignments these strengths are 84(7) e2fm4 and 97(14)
e2fm4, respectively. As mentioned above, three states
have been excluded based on their lifetime being atypi-
cal for 2+ states at these energies. The B(E2;0+1 → 2+i )
reduced transition probability for the states at 3933 keV
and 4022 keV in 114Sn would be 184(88) e2fm4 and
215(60) e2fm4, respectively.
In conclusion, EDF plus three-phonon QPM calcula-
tions of the low-energy electromagnetic quadrupole re-
sponse of 112,114Sn nuclei are compared to two new high
resolution (p, p′γ) Doppler-shift attenuation (DSA) co-
incidence experiments and permit an identification of a
new mode of nuclear excitation in those two nuclei, i.e.
the pygmy quadrupole resonance (PQR). The origin of
the PQR is explained suggesting two-quasiparticle neu-
tron excitations related to neutron skin oscillations. The
EDF calculations of neutron skin thickness in 112,114Sn
indicate an increase of the calculated total PQR strength
with the neutron excess. This is further confirmed in the
studies of neutron and proton transition densities which
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FIG. 2. (color online)112Sn: (a) Experimental E2 transition
strengths, (b) ground-state γ-decay branching ratio b0 and
(c) 2+1 state γ-decay branching ratio b1 in the energy range
Ex = 2− 4.2 MeV; (d) EDF+QPA E2 strengths, (e) ground-
state γ-decay branching ratio b0 and (f) 2
+
1 state γ-decay
branching ratio b1 in the energy range Ex = 2− 5 MeV. The
horizontal dashed line shows b0 = 0.5 and b1=0.5. See text
for further details.
indicate an isoscalar and isovector contributions to PQR
excited states. Furthermore, a substantial contribution
from the low-energy multi-phonon states induces consid-
erable additional E2 strength in the PQR region. From
these studies it is also observed that the low-energy PQR
strength is strongly fragmented. A detailed information
of the fine structure of PQRmode could be obtained from
branching ratios of ground and excited states which are
observed, both theoretically and experimentally. In this
aspect, both b0 and b1 branching ratios, serve as a sen-
sitive indicator of the microscopic structure of nuclear
excitations. Furthermore, the theoretical observations
show that branching ratios give useful information on
the collectivity of the excited states. In particular, non-
collective 2+ states typically have smaller b0 branching
ratios. However, due to the admixture of collective two-
phonon configurations such states might have larger b1
branching ratios.
Thus, the theoretical and experimental results of E2
transitions and branching ratios in 112,114Sn contribute
to the understanding of the fine structure of the PQR
and give a strong evidence on the existence of multi-
phonon excitations in the PQR energy region. In gen-
eral, the EDF+QPM theory successfully reproduces the
E2 spectral distributions, both b0 and b1 branching ra-
tios and provides a very good description of the total
B(E2) transition probabilities of the low-energy 2+ and
4+ states observed in the experiment. The work reported
(a)
(b)
(d)
(e)
(c) (f)
FIG. 3. (color online)114Sn: (a) Experimental E2 transition
strengths, (b) ground-state γ-decay branching ratio b0 and
(c) 2+1 state γ-decay branching ratio b1 in the energy range
Ex = 2− 4.2 MeV; (d) EDF+QPA E2 strengths, (e) ground-
state γ-decay branching ratio b0 and (f) 2
+
1 state γ-decay
branching ratio b1 in the energy range Ex = 2− 5 MeV. The
horizontal dashed line shows b0 = 0.5 and b1=0.5. See text
for further details.
(a)
(b)
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FIG. 4. (color online) Calculated EDF+QPM summed contri-
butions of one- and two-phonon squared E2 matrix elements
of ground state decay transitions of PQR states in (a) 112Sn
and (b) 114Sn.
here illustrates the vital role of combined theoretical and
experimental efforts in revealing the complex nature of
exotic modes and the fine structure of nuclear excitation
in neutron-excess nuclei.
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